Interdigitated electrode structures have applications in a myriad of fields and have become attractive for in-line electrochemical detection in lab-on-a-chip microsystems. Analytical models can replace complex and expensive numerical simulations to determine the capacitance of interdigitated electrode structures in cases where simple geometries can be assumed. Closed-form analytical expressions derived from Schwarz-Christoffel conformal mappings were used to determine the capacitance of multi-layer interdigitated electrode structures with an additional parallel continuous electrode. The partial-capacitance approach was reformulated to find the capacitance of multi-layer structures with non-monotonically changing permittivities. The analytical model was found to be in close agreement with finite-element simulations. The model is used for optimization of an insulated transducer for sensitive detection of surface processes.
Introduction
Interdigitated electrode structures have been employed across many fields, from acoustic sensing in telecommunications to nondestructive testing [1] . The development of lab-on-a-chip devices and the associated need to downscale instrumentation for on-chip analyte detection and manipulation has driven the need for innovation of miniaturized transducers. Microfabricated interdigitated electrode structures are widely used in microfluidic systems for in-line analytical bioelectrochemistry [1, 2, 3, 4, 5, 6, 7] and dielectrophoretic particle control [8, 9, 10, 11, 12] .
To design for high sensitivity of the electrochemical transducer, it is important to estimate the electrical coupling between the electrode fingers of the interdigitated multi-electrode array. While numerical models can provide an accurate representation of the physical, chemical, and electrodynamic characteristics of an electrochemical cell, they put high computational costs on the design and optimization process. Therefore, inexpensive analytical solutions that can estimate the capacitive coupling between the electrode fingers can be useful as a priori estimates.
Such closed-form analytical expressions that determine electrodynamic characteristics of coplanar electrode structures can be derived from conformal mapping methods [13] . For instance, these have been applied to determine the cell constants of planar-interdigitated conductivity sensors [14] , for optimization of an electrolyte conductivity sensor [15] , characterization of coplanar electrodes in microchannels [16, 17] , optimization for the detection of affinity binding of biomolecules [18] , and to determine the electric field pattern of two-electrode structures in flow cytometer designs [19] .
In many applications, interdigitated electrode fingers are embedded below multiple dielectric or conductive layers, that are assumed to be stratified with respect to the electrode plane. Igreja & Dias [20, 21] demonstrated that conformal mappings and the partial capacitance method can be used to determine the capacitance and impedance of interdigital electrodes in multi-layered structures with semi-infinite domain boundaries above the electrodes. They discussed the effects of monotonically decreasing and increasing permittivity profiles of the dielectric layers above the interdigitated electrodes. They found that their results correlated considerably better with numerical finite-element simulations than models previously reported by Wu et al. [22] and Grevorgian [23] .
The current research efforts have focused on the integration of interdigitated electrode structures into digital microfluidic (DMF) devices for in-line electrochemical detection. Comprehensive reviews of digital microfluidics can be found in [24, 25, 26, 27] . When embedding interdigitated multi-electrode arrays within DMF devices, the domain boundary above the interdigitated electrode structure cannot be assumed at infinity, and in fact is terminated by a finite-domain continuous grounded top electrode. In addition, hydrophobic passivation layers that prevent fluid adhesion and electrode degradation result in non-monotonical permittivity profiles.
The works on analytical expressions for the electric-and magnetic field patterns in conductor-backed coplanar waveguides [28] , as well as the effect of a ground plane on coplanar lines [29] both relate to the effect of an additional parallel ground electrode. However, these did not account for multiple (dielectric) layers between the coplanar electrodes and the additional parallel electrode nor did they take into consideration interdigitated electrode structures. Hence a model is needed to determine the capacitance of an interdigitated electrode structure facing a continuous top electrode with multiple dielectric and conductive layers in between. The model shall support preliminary characterization of such electrode structures prior to more in-depth and expensive numerical simulation techniques.
Presented here is an approach based on Schwarz-Christoffel conformal mappings (SCM) to find the capacitance of interdigitated multi-electrode arrays with an additional parallel continuous ground electrode.
It is shown that that SCM-aided approach can be used for structures of the same type as discussed in [20, 21] . In addition, an adaptation of the partial capacitance method for multi-layer structures is presented, and it is further suggested that it can be applied to structures in which the permittivity of the stratified layers above the electrode fingers is changing non-monotonically.
Methods
A sketch of a typical coplanar interdigitated electrode structure is shown in Figure 1 . The structure has two interlocked comb-like electrode finger arrays to create alternating tiers of electrodes connected to two electrical terminals (φ = +V and φ = −V ). The electrode fingers are assumed to have the same width w throughout and are separated by an inter-electrode gap g. The length L is sufficiently large, such that three-dimensional fringing field effects near the electrode finger ends are negligible. The capacitance of a multi-electrode structure with any even number of electrodes N , where N ≥ 4, can be determined from network analysis of concatenated individual unit cells [20] ,
where C I is the capacitance of an interior unit cell, and C E is the capacitance of an exterior unit cell ( Figure   1(b) ). Accordingly, the capacitance of a two-electrode structure becomes C = C E 2 . How to determine unit cell capacitance is explained in coming paragraphs, and can be expressed in terms of two non-dimensional parameters: the metalization ratio, η [20] , and the height-to-width ratio, r, defined by
and r = 2h w + g
where h is the height of a layer above the electrode fingers. Moreover, the total capacitance including the layers below and above the interdigitated electrode structure is determined by adding the capacitance of the lower and upper half space.
The partial capacitance method
The interdigitated multi-electrode array is embedded below stratified layers, as shown in Figure 2 . The material is isotropic within each layer and only varies across layer interfaces in the vertical direction. The boundary conditions are specified according to the partial capacitance method and define the exterior and interior unit cells' geometry [20, 21] . The partial capacitance method can be used to estimate the capacitance of a coplanar electrode structure embedded in a multi-layer assembly of dielectric materials with varying permittivity using either the parallel partial capacitance (PPC) or series partial capacitance (SPC) solution [30] based on [29, 31, 32, 23, 33] . The multi-layered interdigitated electrode structure in 
where ε r,i is the relative permittivity of the ith layer, and C i is given by C i = ε 0 Lκ For cases when the permittivity is monotonically increasing and the electric field is more strongly guided away from the electrode plane, the layers are assumed to be coupled in series, yielding the SPC method ( Figure 2(b) ). It assumes Dirichlet boundary conditions (i.e., electric walls with φ = 0) at the layer interfaces, and the total capacitance of the unit cell becomes
Note that the numerical value of the Dirichlet boundary condition is obviously different in reality. Here, it serves the purpose of forcing the electric field field lines be incident perpendicularly with the layer interfaces, whereas the Neumann boundary condition for the PPC approach mandates that the electric field lines are parallel to the layer interfaces.
The cell capacitance is hence specified by the permittivity and cell constant of the individual layers.
Although not indicated explicitly, the cell constants in the PPC expressions are generally different than the cell constants in the SPC expressions, even though the height of the layers may be the same. This is because the magnitude of the cell constant is also determined by the choice of boundary conditions, i.e.
Neumann or Dirichlet boundary conditions. Typically for open configurations the topmost layer is assumed
to extend towards infinity, such that C n = ε 0 Lκ c cell (η, ∞), for both the PPC and SPC approach.
Reformulating the partial capacitance approach
Neither the PPC nor the SPC approach are applicable to instances with arbitrarily alternating permittivity across layer interfaces. The interdigitated electrode structure developed in the current work considers layers that result in non-monotonically varying permittivity. The partial capacitance approach can be reformulated such that it is possible to approximate the capacitance for any structure with arbitrarily varying permittivities. Equations (4) and (5) can be rewritten more explicitly in terms of the cell constant
where L is the length of the electrode fingers, and ε i = ε 0 ε r,i . From this an equivalent relative permittivity can be defined as
For i = 1, ε eq,i−1 = ε eq,0 = ε 1 . Equation (7) combines two adjacent layers (layer i and i + 1) into one with an equivalent permittivity ε eq,i and height h i+1 , as illustrated in Figure 3 (a).
Determining the equivalent permittivity is repeated until the last layer is reached, and the total capacitance of the unit cell is
The cell constant κ c cell (η, ∞) indicates that the height of the topmost layer is infinite. This is equivalent to implementing Equations (4) and (5). The strength of this method is, however, that it can be applied to layers with arbitrarily varying permittivity (see Figure3(b)). The decision whether to choose the PPC or SPC expression is made by comparing the permittivities ε i and ε i+1 .
Partial capacitance method for closed configurations
In many cases the top layer can be assumed to be semi-infinite, i.e. open configurations. For the current work, cases arise in which the top layer cannot be assumed to be semi-infinite. In fact, the assumed structure consists of multiple layers sandwiched between the multi-electrode array and a grounded continuous top plate. Therefore, a closed configuration with a geometry and unit cells as defined in Figure 4 is assumed.
To determine the capacitance for structures with decreasing permittivity away from the electrode plane, Figure 4 (a), a solution would be to follow the procedure for open configurations. The equivalent permittivity is determined by assuming a PPC-type approach (Equation (7)) with Neumann boundary conditions at all layer interfaces, including the top surface of the topmost layer. Hence, determining the equivalent permittivity momentarily ignores that the top is electrically grounded and should be specified by a Dirichlet boundary condition. However, the Dirichlet boundary condition is reintroduced when evaluating the total cell capacitance according to
Here, the subscript DB indicates that the cell constant is determined by specifying a Dirichlet boundary condition at the topmost boundary. For the case of increasing permittivity, Dirichlet boundary conditions are assumed at the layer interfaces, as shown in Figure 4 (b). The total capacitance is determined in a similar fashion as in the SPC approach for open configurations (Equation (7)). In consecutive steps, an equivalent permittivity is determined until the total capacitance can be expressed by Equation (9) . For non-monotonically changing permittivities, the procedure outlined previously for open configurations is still applicable. Additionally, for the leftmost exterior electrode unit cell, the change in the permittivity is disregarded, and SPC solution is used throughout.
Results
For a coplanar electrode structure, the cell constant is determined by transforming the physical space of SCM-aided approach for flow cytometer designs [19] and the study of AC electrokinetics in interdigitated electrode arrays [35] . A detailed description of the method and derivation for the results presented here can be found in [36] .
Crowding
The expressions for the cell constants were implemented in MATLAB ® (64-bit). Below a critical value of the height-to-width ratio, the cell constants could not be evaluated because of the long and thin regions Depending on whether the layers are assumed to be coupled in parallel or series, Neumann or Dirichlet boundary conditions are specified at the top surface, respectively. Tables 1 and 2 list the equations to determine the cell constants for exterior and interior unit cells, respectively. The expressions are based on the results of Blume [36] . While determined as given by Table 1 , the solution for exterior electrodes with
Neumann top boundaries agrees with the work presented by Sun et al. [19] on flow cytometer optimization.
Furthermore, the expressions given here and the ones presented in [20, 21] were found to return the same values of the cell constants for any combination of η and r.
In Tables 1 and 2 , K(k) is the complete elliptic integral of the first kind, and k = √ 1 − k 2 is the complement of the elliptic modulus k. For the interior unit cells with finite height layers in Table 2 , the elliptic modulus is determined in terms of the Jacobi theta functions ϑ 2 (0, q) and ϑ 3 (0, q) according to 
where where 
where where
Alternatively, the elliptic modulus can be found from an approach suggested by Luther & Otten [38] to determine k based on a given value of the nome q. The solution for k starts with an initial value
To arrive at a converged solution, a Newton-Raphson approach follows the initial guess, to minimize
Cell constants for closed configurations Figure 6 shows the types of unit cells considered for the closed configuration. The associated cell constants are presented in Table 3 based on the results of Blume [36] .
The exterior unit cell is defined as a semi-infinite strip with boundary conditions specified as shown.
The top surface of the interior unit cell is either defined by a Neumann or Dirichlet boundary condition. For a Neumann boundary condition the unit cell is symmetric. The equipotential symmetry line is indicated in Figure 6 (b). Each of the two symmetric planes is equivalent to the unit cell considered for interior electrodes with Neumann boundary conditions in open configurations. The equivalent capacitance is half of the individual capacitance, such that in Table 3 the fraction
K(kw) is multiplied by 1/2. For a Dirichlet boundary condition (i.e., Φ = −V ), the domain for the interior unit cell is simplified by assuming that the vertices A and F extend to infinity. A schematic of this domain is shown in Figure 7 . Redefining the domain enables a straightforward derivation of the expression for the cell constant, although it has ramifications on accurately determining the capacitance of multi-finger structures. These issues are addressed later.
The total capacitance of the interdigitated electrode structure is expressed as [39]
where the capacitance of the interior unit cells is C I , and the cell capacitance of the exterior unit cell is 
where where where 
Discussion
The analytical model was compared to two-dimensional finite element (FE) simulation data generated from COMSOL Multiphysics ® . The goal was to analyze the PPC and SPC approaches for a complete interdigitated electrode structure to investigate if scaling effects may occur for different numbers of electrodes.
The analytical models described as well as prior work by other groups have certain limitations with regard to their application to electrochemical transducer structures.
The models are limited to simple interdigitated electrode structures, with two identical electrode arrays resulting in a straightforward two-dimensional cross-section. More complex structures in the horizontal plane cannot be modelled. However, these simple structures are widely found in literature.
Also, the electrode fingers need to be sufficiently long, such that fringing field effects near the electrode finger ends can be neglected. This is crucial for arrays with only a few fingers. It was shown in [36] that for two-electrode structures, the finger length L should be approximately 10 times larger than the sum (2w + g) to not incur significant errors.
In addition, the thickness of the electrodes is neglected. This assumption is potentially not appropriate where the thickness is within an order of magnitude of the lateral dimensions of the electrode fingers (i.e., w and g). The research efforts in digital microfluidics that motivated this work deal with lateral dimensions in the order of microns, whereas the electrode thickness remains at least two orders of magnitude below this, allowing the electrode thickness to be ignored.
The models discussed here are limited to an even number of electrode fingers. However, they can be easily adjusted for odd numbers.
This work supports existing models without proposing additional limitations, and extends their applicability to interdigitated electrode structures with non-monotonical permittivity profiles and closed configurations. The value of these simple models is the small computational expense compared to numerical simulations and sufficient accuracy as a priori estimators for the capacitance of interdigitated electrode structures. Figure 8 compares finite element analysis (FEA) data to the SPC and PPC approach for a number of electrode and layer configurations. The assumed geometry is sketched in the insets in Figure 8 .
The graphs plot the capacitance per unit depth against the ratio between the permittivity of layer one and two. The relative permittivity of layer two was kept constant at 10, while the relative permittivity of layer one was varied from 1 to 100. Figures 8(a) and 8(b) are distinguished by the height-to-width ratio of layer one, i.e. r 1 = 0.1 in Figure 8 (a) and r 1 = 0.5 in Figure 8 (b). The graphs show that the PPC approach closely fits the numerical data for ratios above 1, but fails to model the cell capacitance for ε 1 /ε 2 -ratios below 1. The reverse is true for the SPC approach.
The two methods work as expected: If the relative permittivity is decreasing away from the electrode plane, the PPC solution should be used, while for increasing permittivities the SPC solution is more appropriate. Therefore, the SPC and PPC method perform well in approximating the capacitance of interdigitated electrode structures in open configurations, independent of the tested number of electrodes.
The same analysis was done for interdigitated electrode structures in closed configurations. The structure again consists of two layers. The relative permittivity of layer one is varied from 1 to 100, while the relative permittivity of layer two is held constant. Figure 9 (a) and 9(b) show the results for two different arrangements: One in which r 1 = 0.1, and one in which r 1 = 0.5. In both cases r 2 = (1.0 + r 1 ) and η = 0.5. Again, the analytical model output is close to the numerical simulation results, and both agree well with each other irrespective of the number of electrode fingers. As before, the SPC approach is valid for ε 1 /ε 2 ≤ 1, and PPC approach is valid for ε 1 /ε 2 ≥ 1.
The partial capacitance approach has been used for monotonically increasing or decreasing permittivities in stratified layers above coplanar electrodes. For this work, the attempt was to extend the approach to layers with arbitrarily varying permittivities. To test the procedure, a test structure consisting of three layers is used, and the analytical results are compared to FEA simulations. to an open configuration is illustrated in the insets in Figure 10 . The relative permittivities ε 1 and ε 3 are held constant at a value of 10. The relative permittivity of the middle layer, ε 2 , is varied from 1 to 100.
The analytical models achieve to approximate the capacitance per unit depth in close agreement with FEA results. The curves coincide closer with the simulation data for r 1 = 0.5 than for r 1 = 0.1, and start to diverge from the numerical simulation data at particularly low and high ε 1 /ε 2 -ratios. The good fit between the analytical model and FEA results is slightly biased due to the use of a logarithmic scale. Nonetheless, the analytical model shows the same trend as the simulation data and provides an appropriate estimate of the capacitance.
Lastly, the modified partial capacitance approach is verified for interdigitated electrode structures in closed configurations. Verification was performed as before, by comparing the capacitance per unit depth determined from the analytical model to the data gathered from numerical simulations. The test structures are built up of three layers, of which the bottom and top layer (r 1 = 0.1, r 3 = 1.6 and r 1 = 0.5, r 3 = 1.6) have a relative permittivity of 10, while the relative permittivity of the middle layer (r 2 = 0.6) is varied from 1 to 100. Figure 10 compares the analytical results and numerical simulation. Irrespective of the number of electrode fingers, the analytical model is able to closely fit the simulation data and approximate the capacitance of the interdigitated electrode structure.
Optimization
The models can be useful in many respects; For instance, they can be used to approximate the output of numerical simulations and physical experiments and therefore more quickly estimate how the electric field behaves in an electrochemical cell with multi-electrode arrays. Furthermore, it is possible to determine the impedance of a cell for different signal frequencies, according to Z = −j(ωC) −1 . For media with both dielectric and conductive properties the methods described herein need to include the complex permittivity instead of only the purely dielectric permittivity [21] .
Igreja & Dias [20] proposed a strategy using analytical models for optimizing the sensitivity of interdigital capacitors. They defined a capacitance density and studied the change in capacitance as a result in a 5% change in the thickness of a sensitive layer above the electrode array. Similarly, a structure as shown in Figure 12 (a) was assumed. The structure consists of an insulator, hydrophobic layer, sensitive layer, and a bulk liquid buffer. A substrate was placed below the structure. The assumed heights and permittivities of these layer are indicated in Figure 12 (a). The width of the electrode fingers is fixed at 20 µm, which is also the expected minimum feature size. By using the partial capacitance approach and Schwarz-Christoffel conformal mapping (SCM) models presented, the change in capacitance as a function of a ±5% change in the thickness of the sensitive layer can be determined. Figure 13 In both cases r 2 = 0.6, r 3 → ∞, and η = 0.5. The width of the electrode is fixed, w = 20 µm. 
Conclusion
The analytical model developed enables the capacitive characterization of interdigitated electrode structures in both open and closed configurations. Analytical expressions derived from Schwarz-Christoffel conformal transformations and an adaptation of the partial capacitance approach can determine the cell capacitance of multi-layer interdigitated electrode structures with non-monotonically varying permittivities of the layers above the electrode plane. For periodic and simple geometries, the model can be used as a design and optimization tool, replacing more complex and computationally expensive numerical simulations. As an example case, transducers can be optimized for the sensitive detection of surface effects.
